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El objetivo del proyecto es obtener un modelo del puente del Millenium, en Londres, 
que reproduzca fielmente el comportamiento dinámico de la estructura. Para alcanzar 
este propósito, se detallan las partes que conforman el modelado de la estructura, se 
presentan y justifican las principales funciones de SAP en un análisis dinámico y se 
analizan los resultados obtenidos. Una vez alcanzado el objetivo, el modelo permitirá la 
realización de posteriores estudios relativos al efecto de sincronización lateral que sufrió 
el puente el día de su apertura. 
En primer lugar, se detalla la localización del puente, la tipología y las principales 
características estructurales y se introduce el fenómeno de la resonancia lateral.  
A continuación y a modo introductorio, se define el concepto de elementos finitos; 
teoría en la que se basa el software empleado, SAP 2000, para la modelización de la 
estructura del puente. Seguidamente, se determinan las características geométricas y 
materiales de cada uno de los elementos estructurales modelados.  Para comprobar que 
el modelo se ha implementado correctamente, se lleva a cabo un análisis no lineal de la 
estructura, en el cual se consideran los efectos P-delta y de grandes desplazamientos que 
permiten representar el comportamiento de la estructura de un modo más realista.  
En este primer análisis se verifica el peso propio de la estructura, de manera que, la 
carga total obtenida una vez computada la estructura en SAP, debe ser similar a los 
valores de carga proporcionados por la ingeniería. Además, se verifica que la deformada 
debida al peso propio se anule por efecto del pretensado en los cables.   
Una vez se comprueba el modelado, se realiza un análisis dinámico basado en un 
análisis no lineal y uno modal; esto es, un cálculo no lineal de la estructura para 
determinar la masa y rigidez estructural y un análisis modal, que toma los resultados 
obtenidos y calcula las frecuencias naturales de la estructura.  
En cuanto al análisis dinámico, por un lado, se desarrolla un análisis paramétrico, 
mediante el cual identificamos y definimos parámetros relativos al método de cálculo 
que utiliza el software y cuyas variaciones permiten obtener resultados más precisos o 
en menor tiempo computacional; y por otro lado, se analizan las frecuencias naturales 
obtenidas comparándolas con las medidas en la estructura real. Asimismo, se crean 
varios casos dinámicos que contemplan cambios en la deformación de los cables, la 
rigidez estructural o las condiciones de contorno, con la intención de mostrar qué 
características deben tomarse para ajustar mejor el modelo a la realidad.   
En los últimos apartados del proyecto se introducen los principios de la teoría de la 
dinámica de estructuras y se particulariza el método de cálculo de las frecuencias 
naturales. Para acabar, se exponen las conclusiones obtenidas de la modelización y de 
los resultados obtenidos con SAP  y se concluye que el modelo realizado, representa 
con suficiente exactitud la estructura real, garantizando así,  un comportamiento 
dinámico similar.  





The purpose of this work is performing a reliable model of the London Millenium 
Bridge which reproduces the real structural behaviour accurately in order to enable 
further analysis or studies related with the response of the bridge under pedestrian 
forces. 
A summary of the location, the main features of the bridge and the emergent 
phenomenon which occurred when it was built, are described to understand the 
importance of research in this structure and a brief introduction on basic elements of the 
theory of finite elements is given. 
Then, the modeling process is detailed through the features and elements which define 
the structure and which are implemented in the software used, SAP 2000. 
Firstly, the accuracy of the model is checked performing a nonlinear analysis in which 
nonlinear properties are taken into account, for instance, including P-delta and large 
displacement effects. In this analysis, some load cases, related to the dead load of the 
structure, are applied in order to find the total dead load of the structure and compare 
the result with the value given by the engineers who designed the bridge. Hence, it will 
be possible to know if the structure has been modelled properly or if it is required to 
introduce changes in the structural elements or in the initial boundary conditions.   
Then, a parameter analysis is carried out to study the features selected in the main cases, 
nonlinear and modal case. The aim is determine the most appropriate parameters to 
obtain better results when computing.  
In addition, it is performed a dynamic analysis which enables to study the natural 
frequencies of the model and compare them with the frequencies measured in the real 
structure. This dynamic analysis is, therefore, focused on the natural response of the 
bridge due to the problems on the Millenium occurred when its natural frequencies were 
excited by pedestrian forces. Therefore, using the frequencies obtained and the known 
input data, prestress, strain, etc., it is analysed and verified the expected natural 
frequencies which will cause a resonant response.  
Finally, the basics of the structural dynamics theory are introduced along with the 
method for finding the natural frequencies and some conclusions about the frequencies 
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1. INTRODUCTION  
 
The Millenium Bridge site is located across the Thames River in Central London and 
links two features of London that have become the city‟s leading tourist attractions: St. 
Pauls Cathedral and the new Tate Gallery.   
The design of the bridge was decided by a competition organized in 1996 by the 
Financial Times newspaper in association with the London Borough of Southwark 
council. The competition was won by the team of Ove Arup (engineers), Foster and 
Partners (architects) and Sir Anthony Caro (sculptor). Due to height restrictions (about 
11m above the river), and to improve the view, the bridge's suspension design had the 
supporting cables below the deck level, giving a very shallow profile.  
The London Millennium Bridge structural diagram is that of a shallow suspension 
bridge in three spans, where the cables are as much as possible below the level of the 
bridge deck to free the views from the deck.   
The Bridge has some of the characteristics of a ribbon bridge, such as the cables form 
the primary structure of the bridge and have a very shallow cable profile; its cables 
shape is similar to the shape of the second degree parabola, see Figure 1.1. This shape 
appears in ribbon bridges because of the dead load of the structure. Even though, it is 





Figure 1.1.: Funicular shape [12] 
 




As a suspension bridge, its cables have a funicular shape owing to the self-weight of the 
structure, they balances the effects of the self-weight and guarantee that the structure 
members are stressed by only normal forces. For service loads, the suspension structure 
forms a complex system in which the deck distributes the load and all structural 
members contribute to the resistance of the structural system [1]. 





Figure 1.2.: Geometry of cables 
If these loads are the dead loads of the cables, the hangers and the deck, and they are 
constant, the geometry, that cables will adopt, is the same as in Figure 1.2. Therefore, if 
the deck is suspended or supported along the whole length, the cables have the shape of 
a second-degree parabola, and they will support   load. 
The hangers are point loads, however the distance between them is very short, so they 
can be substituted by a uniform load. 
Structural design 
The cables consist on two groups of four 120 mm diameter locked coil cables. They are 
fixed against translation in any direction at each bank and locked longitudinally at the 
top of each pier. 
The lengths of the three spans are 81 meters for the north span, 144 meters for the centre 
span between the piers and 108 meters for the south span. 
The bridge deck is 4 meters wide and it is made up of extruded aluminium box sections 
which span between two round steel edge tubes on each side. Every 8 meters there are 
fabricated steel box sections known as transverse arms which are used as connection 
between the two cable groups, see Figure 1.3.  
The deck in piers is only supported by the cables when it passes between the V brackets 
in piers. The deck edge members are pinned; they are free to slide in the direction of the 
bridge span at 8.0 m intervals but fixed against translation in the other two directions 
[3]. 
g 
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Figure 1.3.: Two groups of four cables spans the deck by means of transverse arms [13] 
 
The bridge deck is articulated at 16 meter long intervals by means of movement joints 
installed. These allow the decks to expand and contract as the cables move and 
therefore, it provides no lateral stiffness.   
The groups of cables are anchored to each abutment, hence the advantage of earth-
anchored systems is that the erection of the deck can be carried out independently on the 
terrain under the bridge. However, the suspension cables have to be erected first and the 
anchor blocks have to transfer a large tension force into the soil.  
Each abutment is founded on a 3m reinforced concrete pilecap anchored by a group of 
2.1m diameter reinforced concrete piles. There are 12 piles on the north bank and 16 on 
the south bank. The river piers comprise a steel „V‟ bracket fixed to an elliptical 
reinforced concrete body which is founded on two 6m diameter concrete caissons. 
According to the designers [2] the dead load of the bridge is 2 t/ml along the bridge axis 
and the resulting total dead load cable tension is 22,5 MN.  
Opening day 
The construction of the bridge began on site with the archaeological excavation of each 
abutment in late 1998. Piling was started in April 1999. The superstructure began to be 
erected at the beginning of 2000, and the bridge opened on 10 June 2000.  
 
 




The day of the opening, unexpected movement took place mainly on the south span, at a 
frequency of around 0.8Hz (the first south lateral mode), and on the central span, at 
frequencies of just under 0.5Hz and 1.0Hz (the first and second lateral modes 
respectively). More rarely, movement occurred on the north span at a frequency of just 
over 1.0Hz (the first north lateral mode).  
 
It is estimated that between 80.000 and 100.000 people crossed the bridge during the 
first day. Analysis of video footage showed a maximum of 2.000 people on the deck at 
any one time, resulting in a maximum density of between 1.3 and 1.5 people per square 
meter. When the bridge was crowded, movement of the south and centre spans became 
sufficient enough that pedestrians had to hold onto the balustrades, or stop walking to 
retain their balance.  
 
The number of pedestrians allowed onto the bridge was reduced on Sunday 11 June, and 
the movements occurred far more rarely. On 12
th
 June, it was decided to close the 
bridge in order to fully investigate the cause of the movements. Hence, on the whole, 




The investigations found out that this movement was caused by a substantial lateral 
loading effect which had not been anticipated during design. The loading effect 
appeared due to for pedestrians was easier to walk in synchronisation with the natural 
swaying of the bridge, therefore footfall forces were applied at the resonant frequency.  
 
The researches and analysis were based on comparing the dynamic response of the 
structure with the analytical predictions, mainly because there was no information about 
this phenomenon. The conclusion was that the initial analytical model was valid, hence 
the movements were due to an unpredicted external force.  
 
They made different tests on models and it was determined that for susceptible spans 
there is a critical number of pedestrians that will cause the vibrations to increase to 
unacceptable levels. The tests indicated that normal walking becomes difficult at 
densities above 1,7         ⁄ .  
 
Finally, after testing the Millenium Bridge, it was determined that the vertical force 
generated by pedestrians were random, while the lateral forces were strongly correlated 
with the lateral movement of the bridge, in other words, the people amplified the 
movement. Moreover, vertical forces could not excite lateral modes because the 
pedestrian vertical forces occur at around 2,0Hz, but the modes of interest were between 
0,5Hz and 1,0Hz. 




On the other hand, accelerations were also tested and both vertical and lateral were well 
within comfort limits: vertical accelerations of around 35milli-g and lateral 
accelerations beyond the 20 to 40 milli-g range desirable for comfort. 
 
On the whole, synchronous lateral pedestrian loading is now believed to be possible at 




Only two options to improve the structure were considered. The first was to increase the 
stiffness of the bridge to change the lateral natural frequencies and avoid frequencies 
which could be excited by the lateral footfall forces, and the second was to increase the 
damping of the bridge to reduce the resonant response.  
 
Increasing the stiffness means change the lowest first lateral frequency until the level 
mentioned above about 1,3Hz, however, the centre span has a natural frequency of 
0,49Hz what means that it is necessary to increase three times the frequency and nine 
the stiffness, and stiffening a structure involve increasing the mass. This improvement 
implicated a huge cost, additional structure which could affect the aesthetics of the 
bridge and even, some problems of the liveload capacity of the bridge. 
 
For these reasons, increasing the damping was carried out. 
 
Ove Arup undertook a long study of the cause of the vibrations and a year after the 
closure, began fitting a system of braced and dampers designed to act as shock 
absorbers. 100-odd dampers were being situated below the decks of the footbridge and 
between the piers to prevent the sideways sway or synchronous lateral excitation. 
 
The dampers have been placed on top of a series of V-shaped braces anchored onto the 
arms which hold up the deck and along the, see Figure 1.4. 
 






Figure 1.4.: Dampers placed 
below the deck [14] 




2. SAP MODEL 
 
In order to analyse the Millenium Bridge statically and dynamically, it is required a 
model which represents the built structure. The computer software used for this aim is 
SAP2000 v12, a program for structural analysis and design based on finite elements.  
 
The finite element method (FEM) is a numerical technique for finding approximate 
solutions of partial differential equations, for instance, the displacement in the beam 
illustrated in Figure 2.1. can be calculated using partial differential equations because 




Figure 2.1.: Continuous model of a cantilever [16] 
 
 
The displacement   calculated from differential equations is given by  
    
 











The beam is treated as a continuous model with infinite degrees-of-freedom. This 
method is not used in large structure and the configuration is often approximated using 
finite elements.  
 
In finite elements, the structural response (displacement) in some points (nodes) is 
found so that making interpolation, the response in other points can be calculated. 
Therefore, the continuous model becomes a discrete model in which the beam is divided 
into segments each of those will have a different displacement. The behaviour of the 
structure is supposed to be lineal so that the equation is given by 
 



















Figure 2.2.: Finite element analysis in a cantilever [16] 
 
2.1. Basic parameters 
The structural geometry comprises two groups of cables which are represented as two 
cables, each of which is situated on both sides of the deck, and two more cables which 
represent the steel edge tubes. 
The secondary beams are situated every 8 meters, and they have been divided into three 
parts to simplify their model. 
The deck has been modelled as a thick shell and it is made of aluminium. 
The piers have been modelled as three beams: two arms of steel box section and one 
beam of concrete box section. All beams are divided into three parts.  
The material and section properties of cables, edge cables, secondary beams and piers 
are taken from Arup‟s structural drawings [4], even though there are some data which 
has been approximated taking into account of the features of the structure. These 
assumptions are detailed in Section 2.2. 
The bridge coordinates are taken also from structural drawings.  
The model is based on an Excel Spreadsheet which contains joints coordinates, joints 
restraints and connectivity frame. The supports of the abutments are represented as 
pinned to allow rotation and restraint translation in x, y and z-axis, not in piers where 
supports are defined as fixed to restraint both translation and rotation.  
It is required to introduce some connections between structural elements to transfer 
forces, for instance, between secondary arms and cables or between piers and cables. 
These connections are modelled as frame releases. Due to cable elements do not 
transmit moments and torsion, axial and shear forces will only be transferred.  
𝑝1 𝑝  𝑝  
𝑙  𝑙  𝑙1 




There are also connections between the deck and the secondary beams to achieve a 
proper behaviour with common displacements between them.  






Figure 2.3.: Main view and plan 
 
2.2. Section model 
An important aspect of modelling a structure is defining the material and the section 
properties of each element.  

























Figure 2.5: Deck section [4] 
 
2.2.1. Cables 
The original structure has two groups of four 120 mm diameter cables, as it is said 
above; therefore, an initial simplification is taken in order to obtain a similar model as a 
first approximation.  
The cable is defined using the frame element and then, adding the appropriate features. 
They are modelled as two circle sections of 226,8 mm diameter, which give the same 
cross-sectional area as the two cable groups of four 120 mm diameter.   
Each cable is a locked coil strand [6] with a diameter of 120mm and a nominal metallic 
cross-section of         , therefore the equivalent diameter to obtain the same area 
of four cables is  
                 




           
The locked coil strand chosen has a Young‟s modulus of         ⁄ . Its density is 
calculated until the weight given by Arup‟s drawings is achieved. The value of weight is 
obtained using the tables in Section 2.4. 
Edge tubes 









Therefore, if longitudinal distributed load per side of bridge is    
  
 ⁄   and it is taken 
the distance between two sections, then 
   , 
  
 ⁄    ,         ,      per side of bridge 
where   ,     is a reference length between two sections which may be different but 
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where   is the density,  is the mass and   is the volume.  
The resultant density of cables is high due to their geometry of outer layers fitting 
tightly together. 
Concerning to the strain applied in cables, Frame loads option is used to define this 
value. The resulting total dead load cable tension is 22,5 MN [2], hence the strain is 
calculated by 
 









  ,   
                       
  ,       
where   is the stress,   is the modulus of elasticity and   is the strain. 
The cable resistant features are shown in Table 2.2.1. [6] 
Type of wire in tendon 5mm diameter bridge wire UHT 
Minimum tensile strength             
Minimum yield strength            * 
 
Table 2.2.1.: Cable resistant features 
 




2.2.2. Edge tubes 
Edges tubes are made of steel and have 323mm outer diameter. The thickness has been 
calculated using the drawings.  
It is assumed an average value of the longitudinal dead load of    ,     ⁄ . This 
value is referred to one side of the bridge and it is obtained using Table 2.4.1. 
The steel density introduced in SAP is of         ⁄ . Then, the area,  , of a generic 
section is given by           , where    ,      is the outer diameter and 
   is the inner diameter, thus 
  
   ,  
  
 ⁄




  ,      
Then 
    ,     
Hence the thickness of the tube is 
        ,      
Edges tubes have been modelled as steel pipe sections of   ,     thickness. 
The steel designation is S 235, so the parameters are given by the Eurocode 3 related to 
the design of steel structures [7]. 
Steel alloy designation S235 
Minimum yield stress           
Minimum tensile stress           
Effective yield stress            * 
Effective tensile stress            * 
Table 2.2.2.: Steel resistant features 
 
 




2.2.3. Secondary beams 
Secondary beams represent the transverse arms situated every 8 meters. They are steel 
hollow box sections tapering from 450 mm square to 225 mm square at the cables and 
19mm thickness. 
These secondary beams are modelled as tube sections and have been divided into three 
lengths and sections due to its tapering section, see Picture 2.6. These sections are called 






Figure 2.6.: Cross section of secondary beams 
 
Dividing secondary beams into three elements enables to simplify the model when 
using SAP. This discretization is based on the finite elements method, hence it can be 
seen the more section elements performed the more accurated structural response will 
be obtain. 
The steel density introduced in SAP is of         ⁄ , even though, to achieve the 
weight given by Arup, see Table 2.4.2, the transverse distributed loads are also divided 
into loads caused by the central section of the beam or by the arms of the beam (deck to 
cable). Therefore it has been introduced mass and weight modifiers to fulfil this 
criterion. 
 





Deck to cable 




The density of the steel in Central section is given by 




Where   1 is the average load in 
  
 ⁄  and   1 is the central section in 
 .  
Then 
                      
   ,  
  
 ⁄
 ,      




The density of the steel in Deck to cable is given by 
                       
   
   
 (2.5) 
Where     is the average load in 
  
 ⁄  and     is the average section of the three 
sections: 450mm, 337,5mm and 225mm square. 
Then 
                      
   , 
  
 ⁄
 ,      




The resultant density is the average of densities calculated above 




Then the value of the modifier is given by 
   
          
      
 (2.6) 
 






          
      
  ,    
The designation of the steel used in secondary beams is S 235 and, therefore, has the 
same properties illustrated in Table 2.2.2. 
 
2.2.4. Aluminium deck 
The deck is made of extruded aluminium box sections of 200mm thickness [8] and it is 
modelled as a shell to achieve full shell behaviour where all forces and moments can be 
supported. 
The material constants are given by the Eurocode 9 related to aluminium structures [5]. 
It has been selected the properties of a wrought aluminium alloy EN AW-6005A 
because it fulfils the features of the existent deck. This type of aluminium is 
recommended for structural applications and is available in extruded thin forms as it is 
in the Millenium Bridge.  
Even though, resistant properties (tensile yield strength, tensile ultimate strength, etc.) 
are not as relevant as modulus of elasticity due to carrying out a dynamic analysis 
instead of the design of structures in which it is required to satisfy the ultimate limit 
state (ULS) and the serviceability limit state (SLS). 
The deck is defined as a thick shell because it includes rotations, displacements around 
all local axis of the element and the effects of transverse shear deformation, although in 
this case, bending is more important. Thick option is selected because it is more 
accurate, although somewhat stiffer than thin-plate.   
In shells, it is required to define two constants, the membrane thickness and the bending 
thickness. Both of them are       thickness.  
The membrane thickness is used for calculating the element volume and enable element 
self-weight and mass calculations, and also to compute the membrane stiffness for full-
shell and pure-membrane sections and the bending thickness is used for computing the 
plate-bending and transverse-shearing stiffness for full-shell and pure-plate sections. In 
this case, the two thicknesses are the same because the material used in the deck is 
homogeneous.  




The deck is designed with 8 meters intervals which are supported by secondary beams 
and also by the cables in piers. Each interval has connections with secondary beams in 
order to transmit stresses and achieve a valid behaviour of the structure.  
These connections have been performed merging the secondary beams coordinates 
which delimit the width of the deck with the edges of each decking interval, the 
merging points are illustrated in Picture 3.2.5. 
The density of aluminium introduced in SAP is                  
 ⁄ . However, 
there have been also introduced mass and weight modifiers.  
 
If the dead load caused by the deck is    , 
  
 ⁄  in one side of the bridge, see Table 
3.4.2, then the dead load per meter is expressed as 
 
   , 
  
 ⁄            , 
  
 ⁄    
If the volume per meter is given by 
 
                   ,       ,      
 
 
Figure 2.8.: Connections between secondary beams and deck [4] 
Joints of deck 
interval 
Merge between secondary beam 
coordinate and edge of deck 









The mass and weight modifiers are 
  
            
         
  ,     
 
Aluminum alloy designation EN AW-6005A T6 
Compressive yield strength             
Tensile yield strength             [9] 
Tensile ultimate strength             [9] 
Shear ultimate strength             
 




Piers are designed with three beams, two of them made of steel rectangle section and 
whose function is as arms and the beam which connects with the foundation is made of 
concrete rectangle section, see Figure 2.9. or drawings in Annex 1. The discretization 















The arms are made of rectangle sections tapering from  ,     ,   square to 
    ,     square and 60mm thickness. The pier itself is made of rectangle sections 
tapering from  ,    ,   square to  ,    ,   square of       thickness. These 
dimensions are designed according to structural drawings. 
 
Figure 2.10.: View of the model in SAP 
 
There have been assumed the materials used in piers, hence it is used a reinforced 
concrete HA 35 with the parameters shown in Table 2.2.4. 
Reinforced concrete designation HA 35 
Compressive strength           
Modulus of elasticity         √     
 
 
Poisson’s coefficient    ,  
Coefficient of thermal expansion          
Weight density    ,    ⁄  
Table 2.2.4.: Concrete resistant features [17] 
 
The designation of the steel used in piers is S 235 and, therefore, has the same 
properties illustrated in Table 2.2.2. 
 
* These values are estimated. Strength and stress are not considered in modelling 
processes and they are especially required to design. Modulus of elongation, Poisson’s 
ratio and weight must be defined to fulfil the requirements of service and perform a 
static and dynamic analysis.   




2.3. Material properties 
All structural elements in the model are made of elastic and isotropic steel. An isotropic 
material is independent of the direction of loading or the orientation of the material and 
is not affected by temperature change. In addition, shearing behaviour is separated from 
extensional behaviour, this means that shear traction, for instance, will produce shear 
strain in the same plane where shear is acting but no extensional strain.   
The type of all sections is prismatic, due to all properties are constant along the full 
element length. 
For each material, weight density is specified. This is used for calculating the self-
weight of the element so that the total weight of each element is the product of the 
weight density (weight per unit volume) and its volume. This weight is distributed to 
each joint of the element. Moreover, the weight density property is independent of 
temperature. 
 
The mass density of the material is automatically calculated by the program, and it is 
obtained dividing the weight density by the acceleration due to gravity, in frames, the 
total mass is equal to the integral along the length of the mass density multiplied by the 
cross-sectional area. The mass density is accounted in dynamic analysis and it is used to 
compute inertial forces. It is distributed to each joint of the element and applied along of 
the three translational degrees of freedom.  
The material properties of each element mentioned above are in Table 2.3.1. 








150 GPa 210 GPa 210 GPa 70 GPa 210 GPa 27,204GPa 
Cross sectional 
area 
                  
16739 to 
8189    
400000    * * 




 ,            ,          ,          ,          ,                  
Density     
  
  
⁄      
  
  
⁄      
  
  
⁄      
  
  
⁄  * * 
*See Section 2.2.5 
Table 2.3.1.: Section and material properties 




2.4. Load Cases 
To analyse the structural behaviour, there have been created different load patterns in 
order to be applied using the Load Cases option of SAP and then, produce results.  
A Load pattern by itself does not cause any response of the structure because it is the 
name of the basic loading, for instance, dead, prestress, super dead, live, etc. These 
loads patterns will be applied in Load cases using different analysis types, as static 
analysis, P-delta analysis, moving load, etc. 
Using Load Cases, it is defined how the load patterns have to be applied (e.g., statically 
or dynamically), how the structure responds (e.g., linearly or nonlinearly) and how the 
analysis has to be performed (e.g., modally). In each Load Case, there is specified the 
name of the load pattern applied or/and a combination of loads. 
When the load acting on the structure and the resulting deflections are small enough, the 
load-deflection relationship for the structure is linear, for instance, with dead loads and 
prestress. This permits the program to form the equilibrium equations using the original 
(undeformed) geometry of the structure. The linear equilibrium equations are 
independent of the applied load and the resulting deflection. Thus, the results of 
different static and/or dynamic loads can be superposed. 
 
If the loads on the structure and/or the resulting deflections are large, then the load-
deflection behaviour may be come nonlinear. It is used a “Dead-Nonlinear” case in 
which P-delta and Large-displacement effects are applied. Therefore, equilibrium 
equations written for the original and the deformed geometries may differ, even if the 
deformations or stresses are very small. In general, the final geometry will be different 
in comparison to the initial geometry. 
Firstly, as mentioned above, each load pattern is defined. There has been created a case 
for the dead load called “Dead” which is referred to the self-weight of the structure and 
its multiplier is 1. “Prestress” and permanent loads: “Balustrades”, “Cable clamps”, 
“Secondaries” and “Movement joints”, have zero in their self-weight multiplier to 
avoid taking into account the self-weight of the structure twice. Permanent loads do not 
belong to the model itself but they are assigned as loads acting in the structure.  
Therefore, some of these load patterns are combined in the Load cases. There has been 
designed a load case referring to “Dead”, another named “Prestress” and one case 
which includes the loads of balustrades, cable clamps, secondaries and movement joints 
and whose name is “SDL” (Super Dead Load). All of three are analysed as Linear 
Static. In addition, there has been created a Nonlinear Static case called 
“Dead_Nonlinear” and a modal case named “Modal”.  




2.4.1. Linear cases 
“Dead”, “Prestress” and “SDL” are defined as linear individually, due to their analysis 
start with zero stress.  
“Prestress” case is performed assigning different values of strain to cables. Changing 
the strain will enable to obtain different responses of the structure, for instance, when 
using the “Modal” case, the frequencies will depend on the applied strain in cables. 
“Dead” load is calculated by the program directly, because each structural element is 
defined by the section and the material properties.  
“SDL” load case includes four loads patterns: balustrades, cable clamps, secondaries 
and movement joints. Each load has been introduced in the program assigning joint 
loads or frames loads depending on the case. The situation or distribution of these loads 
is according to Arup‟s drawings and can be seen in Figure 2.12. 
 “Cables clamps” and “Movement joints” are treated as point loads. Both 
“Secondaries” and “Balustrades” are distributed frame loads as can be seen in Figure 
2.11. 
Figure 2.11.: Plan sections [4] 
The values of these loads are taken from Table 2.4.1., Table 2.4.2. and Table 2.4.3.   
Table 2.4.1 shows distributed loads applied in longitudinal elements. These elements 
are represented as “Outer” or “Inner”, because as can be seen in Arup‟s drawings [4] or 
in Figure 2.12., the South span is divided into two, so the “Inner” elements are situated 
in the inner parts of them. 
The numbering of sections is represented in Figure 2.12., from 1 (North) to 46 (South).  
The intervals which appear in Table 2.4.1 mean that the load between two sections 
included in one interval is the one indicated, for instance, the load of cables between 
sections 19 and 20 is 360,4 kg/m per side of bridge.  




Table 2.4.2 illustrate the distributed loads applied in transverse elements. Secondary 
arms are divided into two parts, the part between the deck and the cable and the central 
section. There is also a central section dead load which only appears in section 41.  
The location of all these loads is represented in Figure 2.12. 
DEAD LOAD ESTIMATE 
LONGITUDINAL DISTRIBUTED LOAD PER SIDE OF BRIDGE (kg/m)  
STRUCTURAL ELEMENT  1-3 3-37 37-38 38-39 39-40 40-41 41-45 45-46 





Edge tubes 188,6 124 124 124 142,5 178,4 300,3 300,3 
Secondaries 22,4 22,4 22,4 22,4 22,4 22,4 22,4 22,4 
Balustrades 122,4 122,4 122,4 122,4 122,4 122,4 122,4 122,4 
Decking 111,8 111,8 124,9 143,6 72,6 72,6 72,6 72,6 
INNER 
Edge tubes - - - - 142,5 178,4 300,3 300,3 
Secondaries - - - - 22,4 22,4 22,4 22,4 
Balustrades - - - - 180 180 180 - 
Decking - - - - 72,6 72,6 148,5 148,5 
Grillage - - - - 14,5 39,5 - - 
T SECTIONS 
 
Edge tubes - - - - - - 99,8 99,8 
Decking - - - - - - 151,1 151,1 
Table 2.4.1: Longitudinal dead load [3]  
DEAD LOAD ESTIMATE 
TRANSVERSE DISTRIBUTED LOADS (kg/m per member) 
STRUCTURAL ELEMENT 1 3 41 42 43 44 45 46 
ARMS 
Deck to cable - 199,5 199,5 199,5 199,5 199,5 - - 
Central section - 270,6 350,3 234,8 234,8 234,8 - - 
Central section 
(South) 
- - 441 - - - - - 
TORSION LINK BEAMS - - - - 157,5 - - - 
TRANSVERSE BEAMS - - - - - 441 124 - 
Table 2.4.2: Transversal dead load [3] 
POINT LOADS AT APPROPIATE LOCATIONS 
STRUCTURAL ELEMENT POINT LOAD (kg) 
CABLE CLAMPS 1075 kg 
MOVEMENT JOINTS 431,2 kg 
Table 2.4.3: Point loads [3] 
 













Figure 2.12.: Applied loads  
 
As can be seen in Figure 2.12., “Balustrades” and “Secondaries” distributed loads are 
situated in the outer lines of the deck. The “Balustrades” load refers to the stainless 
steel balustrades which enclose the deck and support a wide stainless steel handrail. 
“Cable clamps” point loads are situated in the joints between cable and secondary 
beams. The whole bridge has 84 point loads due to cable clamps. 
“Movement joints” point loads are located in the middle axis of the bridge every 16 
meters, hence there are 20 movement joints on the whole. 
 “Grillage” and “T Sections” loads are not included in the model because the drawings 
are not detailed enough to know where they are situated, however their values are lower 
than other loads and they can be ignored. 
To conclude, the results of each linear case can be superposed because all 
displacements, stresses, reactions, etc., are directly proportional to the magnitude of the 
applied loads. For this reason, it can be created a case which includes more than one 











2.4.2. Nonlinear cases 
It is required to consider a case with nonlinear properties to perform an accurate 
analysis of the cables. 
In a nonlinear analysis, the initial conditions are zero because, originally, the structure 
has zero displacement and velocity, all elements are unstressed and there is no history of 
nonlinear deformation. 
The type of geometric nonlinearity to consider is P-delta plus Large displacements. 
Hence, the equilibrium equations take into account the deformed configuration of the 
structure. P-Delta effect refers specifically to the nonlinear geometric effect of a large 
tensile or compressive direct stress upon transverse bending and shear behaviour. This 
means that in a cantilever, for instance, bending will cause a displacement but if a 
tensile stress is applied, the moment will increase with another increase of the 
displacement and a resultant increase in the stiffness. On the other hand, Large 
displacements concerns about large translations and rotations. A detailed description of 
both effects is described in Sections 2.4.4, 2.4.5 and 2.4.6. 
It has been defined a combination of load cases named “Dead_Nonlinear” which 
contains: dead load, prestress, balustrades, secondaries, cable clamps and movement 
joints cases, all of them with a scale factor of 1.  
 
Another parameter to be defined is the Load application. There are two options: full 
load or displacement control. The specified combination of loads is applied 
simultaneously, therefore it has been selected Full Load or Load Control, because the 
magnitude of load that will be applied is known and the structure is able to support that 
load but it is unknown how far the structure will move. Under Load Control, all the 
loads are applied incrementally from zero to full specified magnitude. Using 
Displacement control, it is necessary to know previously how far the structure will 
move. 
 
Concerning to the Nonlinear parameters required to solve nonlinear equations, they 
have been defined as the default values. Nonlinear equations are solved iteratively in 
each time step by the program and these iterations are carried out until the solution 
converges. Hence, Nonlinear parameters can be changed in order to obtain more 
accurate results, as well as a decrease computing. The nonlinear analysis of cable 
structures in SAP is detailed in Appendix C. 
 
Next, depending on the nonlinear parameters, it is analysed the resultant deformations 
in one joint situated in the central span. It has been used a strain of -0,001797 in cables 
and a number of modes of 35. 




Next values are the default parameters 
 
Value 
Maximum Total Steps per Stage 200 
Maximum Null (Zero) Steps per Stage 50 
Maximum Constant-Stiff Iteration per Stage 10 
Maximum Newton-Raphson Iteration per Stage 40 
Iteration Convergence Tolerance (Relative) 1,000E-04 
 






U1 -1,7568 R1 0,01097 
U2 -2,4574 R2 0,00045 
U3 -138,7379 R3 -0,00002 
 
Where U1, U2, U3 are the coordinate system of SAP. It refers to x, y and z-axis 
respectively. 
 
Maximum Total Steps per Stage is used to control how long the analysis will take. 
Therefore, if Maximum Total Steps per Stage is changed for 10, the time in processing 
increase slightly, 15 seconds, but deformations and rotations reach the same values.  
 
Maximum Null (Zero) Steps per Stage indicates how many null or zero steps have 
occurred during the nonlinear solution, for instance, when iteration does not converge. 
An excessive number of null steps may indicate that the solution is stalled due to a 
failure or numerical sensitivity. If this value is high the analysis will not terminate due 
to null steps but the analysis probably will have many failures. Hence, if this value is 
change by 200, there is no change in the results and the time in processing is 15 
seconds. 
 
Maximum Iteration per Stage controls the number of iterations allowed in a step. These 
iterations are used to make sure that equilibrium is achieved at each step of the analysis. 
If both values of iteration per stage are 2, the time in processing takes longer, 1 minute 
and 39seconds. It means that the equilibrium is more complicated to be performed, in 






U1 -1,759 R1 0,01089 
U2 -2,4556 R2 0,00044 
U3 -138,765 R3 -0,00002 




Iteration Convergence Tolerance is used to achieve equilibrium and to compare the 
magnitude of force error with the magnitude of the force acting on the structure. Thus, it 
is better using smaller values to get good results for large-displacement problems. If the 
converge tolerance value is changed for a smaller value, 1,000E-8, the computational 
time increase, 32 seconds and the displacements remain constant. The change in time is 
due to the analysis must be more accurate because the tolerance is smaller. On the other 
hand, if the value of tolerance is higher, the unity, the time decrease, 8 seconds. This 
means the accuracy decreases as long as the tolerance is less restrictive, therefore the 






U1 -5,3737 R1 0,01089 
U2 -2,4556 R2 0,00044 
U3 -138,765 R3 -0,00002 
 
Event Lumping Tolerance is used to group events together to reduce solution time. It is 
a ratio that is used to determine when an event occurs for a hinge. Thus, when a hinge 
has reached an event and next hinge is close to experiencing its own event, the second 
hinge can be treated as part of the first event. This ratio will decrease the number of 
solution steps and specifying smaller events will increase the accuracy of the analysis at 
the expense of more computational time. 
 
In conclusion, default values guarantee consistent results and can be used as nonlinear 
parameters to carry out a dynamic analysis. 
 
2.4.3. Modal case 
“Modal” analysis is used to determine the vibration modes of the structure and 
understand the behaviour of the structure. It is based on the stiffness at the end of a 
nonlinear analysis, in this case, the “Dead_Nonlinear” case.   
The modal type is Eigen Vectors which determines the undamped free-vibration mode 
shapes and frequencies of the system. Ritz vectors option is more recommended for 
response-spectrum and time-history analyses which will not be used in this thesis.  
The solution using Eigen and Ritz vector is compared by E. Wilson [10]. Both methods 
give good results for the maximum displacement, but Eigen method gives better results 
of the exact free-vibration mode shapes, however the calculation of them is 
computationally expensive and it requires more vectors and therefore, more modal 
equations to be integrated. Ritz vectors give better results for analysis of structures 
subjected to dynamic loads. 




The Number of modes is based on the dynamic analysis and the necessary frequencies to 
calculate and to be compared with the real frequencies observed in the Millenium 
Bridge. It has to be mentioned that higher values of modes will increase the time of 
processing.  
It has been defined the frequency shift and the cutoff frequency as zero. Shift is the 
centre of the cyclic frequency range and cut is the radius, therefore the program seeks 
modes with frequencies f that satisfy: |       |     . Hence, the value of zero does 
not restrict the frequency range of the modes and it is used to calculate the lowest-
frequency modes of the structure. 
Modes are found in order of increasing distance of frequency from the shift. This 
continues until the number of modes is found or the cut off is reached, but in this case, 
due to it is zero, the cut off parameter will not introduce any restriction.  
It is checked the Automatic Frequency Shifting option to improve the accuracy of the 
results.  
The value of Converge Tolerance is the default value and it is used to determine when 
the eigenvalues have converged.  
The option of Show Advanced Load Parameters is unchecked because there is no 
acceleration load or load case which make necessary a static-correction.  
 
2.4.4. P-delta effects 
 
The P-Delta effect refers specifically to the nonlinear geometric effect of a large tensile 
or compressive stress upon transverse bending and shear behaviour. A compressive 
stress tends to make a structural member more flexible in transverse bending and shear, 
whereas a tensile stress tends to stiffen the member against transverse deformation. [11]  
 
This general type of behaviour is caused by a change in the “geometric stiffness” of the 
structure, hence this stiffness is a function of the load in the structural member and can 















If the beam in Figure 3.4.3. is submitted to a shear force F and an axial force  , a linear 
analysis will allow the equilibrium in the underformed configuration. This means forces 
are added separately and the result is a superposition of all of them. Hence, there will be 
a bending moment at the base of     which decreases linearly to zero and an axial 









Figure 2.14.: Shear and moment in original configuration without P-delta [18] 
 
 
However, if the beam is analysed as a nonlinear case, the equilibrium is performed in 
the deformed configuration, therefore the results will not be superposed. Once, the 
bending moment is applied and considering the deformed configuration, the axial force 
  will create an additional moment which positive or negative value depend on whether 
the force is of compression or tension, and also depend on the deflected shape 
considered. The resulting moment at the base is now given by 
 
         (2.7)  
 
where   is the transverse displacement caused by the force  . The variation in diagrams 


















If the beam is in tension, the moment at the base and throughout the member is reduced, 
       , hence the transverse bending deflection,  , is also reduced. Thus the 







Figure 2.16.: Moment for tensile load P with P-delta [18] 
 
Conversely, if the beam is in compression, the moment throughout the member, and 
hence the transverse bending deflection,  , are now increased,        . The 





Figure 2.17.: Moment for compressive load P with P-delta [18] 
 
If the compressive force is large enough, the transverse stiffness goes to zero and hence 
the deflection   tends to infinity: the structure is said to have buckled. The theoretical 
value of   at which this occurs is called the Euler buckling load for the beam; it is de 
noted by     and is given by the formula 
 
    
    
   
 (2.8)  
 
where    is the bending stiffness of the beam section. 
 
As can be seen, the additional moment produced will be proportional to the deflection. 
Concerning to prestress, if the prestress load is included in the structure, the tension in 
the prestressing cables tends to stiffen the frame elements against transverse deflections, 
hence the lateral stiffness will increase, as in Figure 2.16. 
 
2.4.5. Large displacements 
 
P-delta effects consider small deflections. It can be seen when after considering the 
bending moment, the transverse deflection is performed in the deformed configuration 











Hence, in large displacements, the equilibrium equations are considered in the deformed 
configuration of the structure, but changes in position (length) or orientation (rotations) 
are accounted, even though, changes in shape or size are ignored.  
 
2.4.6. Comparison P-delta and large displacements 
 
If P-delta effects and large displacement are accounted, the response of the structure 
will be more accurate than if they are ignored. Hence, the model has been run selecting 
P-delta effects in the nonlinear case and choosing P-delta effects plus large 
displacements to compare both parameters.  
Both analysis are run taking into account of P-delta effect, therefore the stiffness and the 
frequencies will not change in spite of using large displacements. Even though, the 
displacements differ due to enable changes in length and/or rotations. The results of 
running both cases are illustrated in Table 2.4.4. 
Clearly, the displacements using P-delta effects are slightly lower than if selecting P-
delta plus large displacements, due to in each step, the undeformed configuration has 
taken into account the displacements. The change is more noticeable in cables, mainly 
because they are more sensitive to variations. 
 DISPLACEMENTS Y-AXIS (U2) 
Joint number 
Deck / Cable 
P-delta + large 
displacements 
P-delta 
Deck Cables Deck Cables 
1 / 107 0 0 0 0 
2 / 108 -0,061 0,646 -0,06 0,644 
3 / 109 0,022 0,616 0,022 0,617 
4 / 110 0,019 0,59 0,019 0,59 
5 / 111 0,018 0,599 0,018 0,597 
6 / 112 0,018 0,421 0,018 0,423 
7 / 113 0,018 0,17 0,018 0,172 
8 / 114 0,018 -0,363 0,018 -0,36 
9 / 115 0,017 -1,193 0,017 -1,182 
10 / 116 0,018 -2,027 0,018 -1,901 
11 / 117 0,029 0,824 0,03 0,765 
12 / 118 0,028 -2,495 0,029 -2,363 
13 / 119 0,02 -1,636 0,02 -1,617 
14 / 120 0,017 -0,719 0,017 -0,705 
15 / 121 0,018 0,297 0,018 0,312 
 
Table 2.4.4.: Extraction of joint displacements 




3. RUNNING ANALYSIS CASES 
 
After defining the structural model and the load cases, it is run the Analysis Cases to get 
results for display, output, check and redesign if it is necessary.  
When an analysis is run, the program converts the object-based model to finite 
elements, and performs all calculations necessary to determine the response of the 
structure to the loads applied in the Analysis Cases.  
 
Every Analysis Case is considered to be either linear or nonlinear. The difference 
between these two options is very significant in SAP2000, as described in Section 2.4. 
 
Firstly, it is run a static analysis without modelling the piers to check the self-weight of 
the structural elements which should be similar to the total dead load given by Arup. 
Next, a dynamic analysis is carried out in two different models. The first model is run 
without piers and the second model includes them but not the abutments. 
Both analysis, static and dynamic, contain linear, nonlinear and modal cases, depending 
on the load case analysed.  
 
3.1. Static analysis 
 
The static analysis of a structure involves the solution of the system of linear equations 
represented by 
 
       (3.1)  
 
where   is the stiffness matrix  , is the vector of applied loads, and   is the vector of 
resulting displacements. For each load case that it is defined, the program automatically 
creates the load vector   and solves for the static displacement,  . 
 
Once load patterns are introduced, the program creates a corresponding load case which 
will be a linear static analysis case of the same name. This case applies the load case or 
load pattern with a unit scale factor. Some cases will be specified as a combination of 
load patterns with a scale factor of one, as in “SDL” case. 
 
For each linear static case, it is specified if the program has to use the stiffness matrix of 
the full structure in its unstressed state (the default), or the stiffness of the structure at 
the end of a nonlinear analysis case.  
 




The most common reasons for using the stiffness at the end of a nonlinear case are: 
- To include P-delta effects from an initial P-delta analysis 
- To include tension-stiffening effects in a cable structure 
- To consider a partial model that results from staged construction 
 
The linear static analysis cases defined are “Dead”, “Prestress” and “SDL”. All of 
them use the stiffness from an unstressed state, mainly because they are linear cases 
which can be analysis individually from zero initial conditions. The nonlinear static 
analysis case called “Dead_nonlinear” also use the stiffness from an unstressed state 
due to it is a combination of independent load patterns.  
 
To sum up, by means of running the static analysis, the total dead load obtained with 
SAP can be checked with the total dead load calculated with Arup‟s drawings, see 
Appendix B. Moreover, the resultant displacements must be close to zero due to the 
effect of the prestress, hence, running this analysis, the geometry obtained under full 
dead load must be the same initial geometry, as mentioned in “Geometry” drawing.   
 
 
3.1.1. Model without piers 
The first assumption made in this model is the design of the supports which are 
modelled as pinned supports. They are situated in the abutments and piers. 
The structural model is run using the loads cases and their own parameters detailed in 
Load Cases.  
To run the structure it is required to assign a value of strain to cables. The first strain 
used is based on the resulting total dead load cable tension. As mentioned in the 
Introduction, this value is 22,5MN and the locked coil strand used as cable has a 
nominal axial stiffness of 1565MN [6].  
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The loads obtained of running de Analysis Cases are compared with the total dead load 
calculated using Arup‟s drawings in Table 3.1.1. or see Appendix B. 
 
As can be seen, there is a slight difference between values, less than 4%. It is due to 
material properties are altered to achieve Arup‟s data, thereby it is assumed a deviation 
in the results.  
Structural element SAP (KN) 
Arup's data 
(KN) 
Cables 2.254,496   2.294,540   
Edge tubes 1.111,037   1.217,288   
Deck 725,708   774,32412 
Balustrades 950,766   970,885   
Cable clamps 906,624   903,000   
Secondaries 201,958   205,697   
Movement joints 84,572   86,240   
"Dead" case 5.146,821   5.341,476   
 
Table 3.1.1: Resultant loads 
 
 
Moreover, the model has been verified checking the deformation in the middle of the 
central span. This deformation must be zero because the pretensioning is balanced by 






Z -84,1919   
 
Table 3.1.2.: Displacement in the middle of the central span 
 
 
Hence, the model is assumed to be consistent enough to carry out a dynamic analysis.  
 
Another option to check the model is using the total dead obtained in 
“Dead_nonlinear” case. It is known that the dead load of the bridge is 2t/ml along the 
bridge axis [2], therefore this value can be compared with the results achieved in SAP. 
The base reaction in Z-axis is     ,    , and the total length of the bridge is 
   ,    , therefore 
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3.2. Dynamic analysis  
 
3.2.1. Mass source 
 
Before running the model, it is required to define the Mass Source to specify how the 
program will calculate the mass of the structure and loads. 
 
In SAP, mass and weight have different functions: 
- Mass is used for the inertia in dynamic analyses, and for calculating the 
acceleration loads.  
- Weight is a load that it is defined and assigned in one or more elements (frames, 
cables, shell, etc.) or by means of loads (joint loads, frame loads, etc.) which 
can, then, be applied in one or more load cases.  
 
Hence, it is important to specify this option to achieve good results in the dynamic 
analysis.  
 
There are five additional loads in the model apart from the loads of the structural 
elements included in “Dead” case: two distributed loads “Balustrades” and 
“Secondaries”, two punctual loads “Cable clamps” and “Movement joints” and the 
prestess. Thus, it is defined the mass of the structure using the option of Mass definition 
from element and additional masses and loads in which all loads cases are taken into 
account, as well as, the structural elements. 
 
This Mass definition option compute the mass in two different ways: from mass 
specifications, for instance, the mass density of the materials or the mass assigned 
directly to the joints (this case does not appear in the model), and from the loads where 
mass is calculated from a scaled combination of load patterns.  
 
The load patterns “Balustrades”, “Secondaries”, “Cable clamps” and “Movement 
joints” are added together to determine the mass, but they are not scaled by any factor 
different from 1. The mass is calculated automatically by the program dividing the value 
of the load by the acceleration due to gravity. 






Mode From loads 
From element and 
additional masses 
From element and 
additional masses and 
loads 
1 1,2548 0,61169 0,55608 
2 1,334 0,74218 0,64541 
3 1,8054 0,8689 0,82736 
4 2,0799 0,98577 0,89432 
5 2,1874 1,0919 0,97547 
 
Table 3.2.1: Eigen values 
 
 
The differences between Mass definition options are shown in Table 3.2.1. These results 
are taken from the model without piers.  
 
The mass obtained using the mass only from loads is low, hence the frequencies are the 
highest; however when the mass from elements is taken into account, the resultant mass 
increase significantly and the frequencies are lower.  
 
3.2.2. Modal analysis 
 
Boundary conditions of the structural system are necessary to carry out a dynamic 
analysis. For this reason, the model will be analysed dynamically changing some 
parameters in order to achieve the more precise structure possible. 
The first model to run is the model without piers. The results obtained show higher 
values of stiffness, hence some analysis are performed but changing the stiffness of the 
deck. Moreover, it is also analysed the model with piers to conclude which structural 
model is more appropriate. 
 
To perform the dynamic analysis, all load cases are run. It is due to “Modal” case is a 
dependent case, so other cases (“Prestess”, “Balustrades”, etc.) are prerequisites which 
have to be run before “Modal” case. “Modal” case will use the stiffness at the end of 
“Dead_nonlinear” case to include P-delta and large displacement effects from initial P-
delta analysis computed in “Dead_nonlinear”.  
 
A frequency extraction procedure is used to determine the natural frequencies and the 
corresponding mode shapes of the structure. This procedure is defined as Eigen Vectors 
and there will be determined 35 numbers of modes. These modes will enable to find and 
compare frequencies with the frequencies measured in the Millennium Bridge.  





 Calculated frequency 
with deck stiffness (Hz) 




0,83 1st horizontal  0,48 
2,04 2nd horizontal 1,03 
North 1,79 1st horizontal  0,95 
South 0,98 1st horizontal  0,8 
Central  
1,25 3rd vertical 1,15 
1,63 4th vertical 1,54 
2,06 5th vertical 1,89 
 
Table 3.2.2.: Frequency extraction 
 
The results from the frequency extraction procedure are presented in Table 3.2.2. It can 
be seen that the calculations for the first two horizontal Eigen frequencies are far from 
those measured on the real structure. On the whole, frequencies are too high, this means 
there are elements which stiffen the structure excessively. 
 
The main structures which cause lateral stiffness are the cables and the supports because 
both restraint the structure movements. Moreover, the deck is also stiffening the 
structure due to it is designed as a thick shell with full shell behaviour and this 
formulation tends to be more accurate although stiffer. For these reasons, some models 
have been performed in order to find out the most appropriate model and to clarify if the 
initial assumptions, as the stiffness of the deck, are defined correctly.  
 
Deck stiffness 
The deck is modelled as a thick shell with full shell behaviour. Full shell behaviour is a 






Figure 3.1.: Formation of shell element [10] 
Plate bending element Membrane element Shell element 




The plate bending element has two rotations in the plane of the element and one 
displacement normal to the element at each node.  
 
The plane element, used to model the membrane behaviour in shell elements, has only 
two in-plane displacements at each node and cannot carry moments applied normal to 
the plane of the element. 
 
Sometimes, membrane behaviour is required when rotations normal to the element are 
performed, for instance, for shells connected to edge beams. In addition, the thick 
formulation introduces the effects of transverse shear deformation. 
 
Due to these initial assumptions, it is determined to analyse the model altering the deck 
stiffness. Thus, the deck is performed assigning stiffness modifiers which concern 
membrane and plate behaviour.  
 
As can be seen in Table 3.2.3., membrane behaviour results in higher stiffness than 
plate behaviour. This difference is influenced by the thickness of the deck, 200mm. If 










 Type of mode 
Measured 
frequency (Hz)  
Central  
0,51 0,77 1st horizontal  0,48 
0,96 2,35 2nd horizontal 1,03 
North 1,03 1,38 1st horizontal  0,95 
South 0,80 0,86 1st horizontal  0,8 
Central  
1,24 1,21 3rd vertical 1,15 
1,64 1,55 4th vertical 1,54 
2,07 1,90 5th vertical 1,89 
 
Table 3.2.3.: Frequency extraction with changes in stiffness modifiers 
 
 
On the whole, the deck is stiffening the structure clearly; therefore, stiffness modifiers 
are applied in membrane forces and shear, as well as in plate shear. Plate bending and 
twisting behaviour are maintained. These two remaining features will result in plate 
rotational stiffness components and a translational stiffness component in the direction 
normal to the plane of the element.  
 
 





Frequency without shear 
behaviour (Hz) 
 Type of mode 
Measured 
frequency (Hz)  
Central  
0,51 1st horizontal  0,48 
0,96 2nd horizontal 1,03 
North 1,02 1st horizontal  0,95 
South 0,79 1st horizontal  0,8 
Central  
1,23 3rd vertical 1,15 
1,62 4th vertical 1,54 
2,03 5th vertical 1,89 
 
Table 3.2.4.: Frequency extraction reducing the deck stiffness 
 
 
Model with piers 
Abutments and piers are modelled as pinned supports to simplify the model, even 
though this assumption could stiffen the structure. 
Abutments are strongly stiff because they are earth anchored, however real piers are 
designed with two steel arms and a concrete pier, hence the behaviour is different if 
compare with a pinned support. 
 
Span 
Model with piers 
and shear stiffness 
Model with piers and 
without shear stiffness 




0,80 0,49 1st horizontal  0,48 
1,98 0,95 2nd horizontal 1,03 
North 1,98 0,99 1st horizontal  0,95 
South 0,95 0,79 1st horizontal  0,8 
Central  
1,23 1,22 3rd vertical 1,15 
1,62 1,61 4th vertical 1,54 
2,05 2,03 5th vertical 1,89 
 
Table 3.2.5.: Frequency extraction when piers are modelled  
 
 
As mentioned above, if pinned supports are changed by the piers, the structure is less 
stiff, so its frequencies are lower; even though, they are not close to measured 
frequencies as can be seen in Table 3.2.5.  
 
It is designed a model with piers but introducing the previous proposal changes in deck 
to reduce the stiffness. 
 




It can be noticed that the model with piers but without considering the shear stiffness is 
more accurate and approximated to the real structure of the bridge and consequently, 
closer to the measured frequencies.  
 
In addition, the frequencies in Table 3.2.4. (model without piers and without shear 
stiffness) are compared with the frequencies in Table 3.2.5. (model with piers and 
without shear stiffness), it is shown how pinned supports stiffen more the structure than 
piers.  
 
To sum up, the model designed with piers which has a reduction in the stiffness of the 
deck is the most appropriate model.  
 
3.2.3. Analysis of frequencies 
 
Once the structural model is adapted and redesigned, a deeper analysis of the 
frequencies is carried out in order to understand completely the behaviour of the 
structure modelled by SAP and to conclude if the model created is good enough to 
perform others analysis or studies. 
To reach the measured frequencies, there are some parameters which can be altered, for 
instance, mass and stiffness. These changes will be performed in SAP by means of 
changing the value of strain. 
The initial value of strain is explained in Section 4.1.1. The different strains illustrated 
in Table 4.2.7. have been obtained dividing the force by the axial stiffness and changing 
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In graphs, it is illustrated the lateral and vertical frequencies in function of the strain, 
hence it is represented the first and second lateral modes of the central span and the first 
lateral mode of the north and south span. It is also represented the third, fourth and fifth 
vertical modes of the central span.  
The frequencies obtained are compared with the values measured in the Millenium 
Bridge, shown in Table 3.2.6. These frequencies are named C to central span, N to north 
span and S to south span followed by L or V if the mode is lateral or vertical, 
respectfully. The number refers to whether the mode is the first mode, the second mode, 
etc.   





CL1 CL2 NL1 SL1 CV3 CV4 CV5 
Frequency (Hz) 0,48 1,03 0,95 0,8 1,15 1,54 1,89 
Mass (kg) 129000 113000 146500 160000 155000 140000 135000 
Displacement 
(mm) 
2,784 2,975 2,613 2,500 2,540 2,673 2,722 
 
Table 3.2.6.: Measured frequencies 
Next results are an extraction from SAP using the option of displaying results in tables. 
The frequencies are found in the modal information of the structure and the 
displacements in the table of joints displacements. The displacements displayed are 
referred to Y-axis or U2, in the coordinate system of SAP.  
The mass is obtained using the equation given by 
    
 
    , 
  (3.3) 
 
where     ,  is the maximum displacement achieved in a span when it is excited with a 
mode of vibration   and a frequency   . 
 
CL1 CL2 
strain Frequency  U2 (m) Mass (kg) Frequency U2 (m) Mass (kg) 
0,002053856 0,507 0,00270 137663 0,983 -0,00265 142733 
0,001797124 0,491 0,00269 137878 0,951 0,00266 141097 
0,001597444 0,479 0,00269 138052 0,928 -0,00267 140327 
0,001437699 0,470 0,00269 138186 0,910 -0,00267 139792 
       
 
NL1 SL1 
strain Frequency U2 (m) Mass (kg) Frequency U2 (m) Mass (kg) 
0,002053856 1,034 -0,00312 102973 0,816 0,00240 173048 
0,001797124 0,991 0,00315 101012 0,792 -0,00242 170598 
0,001597444 0,970 -0,00342 85677 0,773 0,00242 170303 
0,001437699 0,953 0,00346 83367 0,758 -0,00242 170289 
 
Table 3.2.7: Extraction of frequencies depending on strain 
The response of the model is illustrated in graphs which are divided into “Lateral” and 
“Vertical”. In addition, real frequencies, masses and displacements have been included 
to compare both structures.  






The relationship between the strain in cables and the frequency is based on the stiffness 
of the structure. When increasing the strain, the cables are stiffer resulting in higher 
frequencies. 
The strain whose frequencies are closer to real frequencies is   ,        
It can be seen the applied strain cause a second lateral mode in the central span lower 
than the measure and a first lateral mode in the north span higher. There is, therefore, a 
































1st lateral mode CV
2nd lateral mode CV
1st lateral mode S



















































3rd vertical mode CV
4th vertical mode CV
























Figure 3.3.: Vertical frequency versus strain 
 






Each mode of vibration has associated a modal mass or each mode of vibration will 
excite the mass in a different way. This relationship derives from the equation to obtain 
the eigenvalues represented as 
 [, -    , -]* +    (3.4) 
 
If next, having calculated the   mode * +  previously, the   modal mass,   , can be 
found by means of the equation  
 * + 
 , -* +     (3.5) 
 
where * + 
  is the orthogonal natural mode of * +   
This equation is founded in the property of orthogonality of the natural modes and it is 
mentioned to indicate modes have their modal mass associated, however the theory 
behind this equation is more extensive.  
The masses obtained are close to the measured values, and it can be seen how mass 
changes depending on the mode.  
In general, the masses obtained from the lateral modes are higher than the measured 
masses, except in the north span. It means this span is suffering more displacements 



















































1st lateral mode CV
2nd lateral mode CV
1st lateral mode S



























3rd vertical mode CV
4th vertical mode CV










Arup‟s engineers calculated, approximately, the prestress tension introduced in the 
cables when they modelled the bridge to solve the lateral swaying. These values are 
represented as “real” in Table 3.2.8. 
In this thesis, the prestressing force which is closer to Arup‟s values is applying a strain 
of  ,      . The sign of the strain is negative because the cables are in tension. 
 
  
NS (MN) CS (MN) SS (MN) 
NS - real 
(MN) 
CS - real 
(MN) 
SS - real 
(MN) 
-0,002396166 14,5 14,2 13,9 13,4 13,4 13,2 
-0,002225011 13,6 13,3 13,2 13,4 13,4 13,2 
-0,002053856 12,7 12,6 12,4 13,4 13,4 13,2 
-0,001797124 11,5 11,5 11,3 13,4 13,4 13,2 
-0,001597444 10,6 10,7 10,5 13,4 13,4 13,2 
-0,001437699 10 10,1 9,8 13,4 13,4 13,2 
 
Table 3.2.8.: Comparison between prestressing tensions in models 
  




3.2.3.4. Lateral displacement in X-axis 
 
The displacement graph will take the shape of the equation of motion depending of the 
mode represented. 
Figure 3.6.: First lateral mode of the central span 












































DISPLACEMENT CL2 - PK 





Figure 3.8.: First lateral mode of the South span 
 
 
















































DISPLACEMENT NL1 IN X-AXIS 




3.2.3.5. Vertical displacement in Z-axis 
 
Figure 3.10.: Third lateral mode of the central span 
 













































DISPLACEMENT CV4 IN Z-AXIS 































DISPLACEMENT CV5 IN Z-AXIS 




4. THEORY OF DYNAMIC ANALYSIS 
 
4.1. Structural dynamics 
 
Dynamic means time varying. That is, the application and/or removal of the loads 
necessarily varies with time [10].  
 
The most important step in the dynamic analysis procedure is defining a mechanical 
model that accurately represents the physical problem. Theoretically, all structures 
possess an infinite number of degrees of freedom (DOF), what means that an infinite 
number of independent spatial coordinates are required to completely specify the 
position of all points on the structure at any instant of time. For each DOF exhibited by 
a structure, there exists a natural frequency (or natural period) of vibration. For each 
natural frequency, the structure vibrates in a particular mode of vibration. [11] 
 
When creating a computer model, members (frames) and nodes (joints) are defined with 
particular features and properties simulating, therefore, the behaviour of the real 
structure.  
 
In a dynamic analysis, the mass of the structure is used to compute inertial forces and it 
is lumped at the nodes. These inertial forces are given by the Newton‟s second law  
 
     ̈ (4.1) 
 
where   is the force which causes an acceleration,  ̈, in the mass  maintaining the 
direction.  
 
Clearly, if the load or displacement is applied and/or remove, it will result in vibrations 
and accelerations, however if they are applied slowly, the inertia forces can be neglected 
(the structure will not vibrate or accelerate) and the model can be analysed as a static 
load. 
 
In general, the mechanical model can be considered continuous or discrete. For a 
continuous model, there exist a distributed mass,  ( ) , and stiffness  ( ) , 
characteristics of the structure. It is shown in Figure 4.1. The independent displacement 
variable  ( ,  ) is a function of both position   and time  . Therefore, the resulting 
equations of motion must be partial differential equations because they relate more 
several independent variables.  
 
 




Discrete model representations of the same structure are illustrated in Figure 4.1. These 
models are lumped mass models. The representation is a single-degree-of freedom 
(SDOF) system, in which the mass  of the structure is localized (lumped) at the top 
and has constant stiffness  . The single resulting equation of motion is an ordinary 
differential equation, where there is only one independent variable, the displacement 















Figure 4.1.: Continuous model and discrete model [11]  
 
 
Practical dynamic analysis of large, complicated multidegree-of-freedom (MDOF) 
structures is calculated through a computer-implemented numerical analysis technique 
known as the finite element method (FEM). In FEM analysis, continuous systems are 
characterized as discrete MDOF systems. [10] 
 
In conclusion, a structure can be analysed as a system with one degree of freedom (an 
SDOF-model) or as a multi-degree-of-freedom system (an MDOF-model). Next it is 
detailed the basics of both analysis and it is also included the modal analysis to 
determine the basic dynamic characteristics of the MDOF-system.  
 
4.1.1. Single Degree of Freedom (SDOF) 
 
The mechanical model for a simple SDOF vibrating system is illustrated in Figure 4.2. 
It consists of a body of mass , free to move in only one translational direction. A 
spring of constant  , which is fixed at one end and is attached at the other end to the 
body, provides elastic resistance to displacement. The energy dissipation mechanism is 

















Figure 4.2.: Mechanical model for a simple SDOF system  
 
The external excitation to the system is provided displacing the body to the equilibrium 
position which gives the body acceleration. When the body reaches its equilibrium 
position the spring force is zero, but the body has a velocity and tries to go further 
although it is retarded by the spring force. In this moment the spring force is in the other 
direction so that the body moves in the spring force direction, pasts its equilibrium 
position again, and reaches its initial displaced position. This position will not be the 
same as initially because of the damping which dissipate some of the vibrational energy. 
However if the damping is small its effect can be neglected. [15] 
The forces acting are the motion of the mass or resorting force defined by  
      ( ) (4.2) 
 
the units of   are newtons per meter (N/m) 
The damping force proportional to the velocity  ̇ of the mass and is given by 
      ̇( ) (4.3) 
 
where   is the viscous damping coefficient having units of newton-seconds per meter 
(N-sec/m). 
The inertia force is given by 
       ̈( ) (4.4) 
 









Figure 4.3.: Free-body diagram for SDOF system [11] 
 
The expression for dynamic equilibrium, using d‟Alembert‟s principle, is given by 
 
∑(      )   ( ) (4.5) 
 
where  ( ) is the externally applied force 
Then 
   ̈    ̇      ( ) (4.5) 
 
Dividing Equation 5.5 by   results in 
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where   is the natural circular frequency of the system, with units of radians per 
second, and is defined by 
 





Although very few practical structures could realistically be modelled by a single-
degree-of-freedom (SDOF) system, its properties are important because those of a more 
complex multiple-degree-of-freedom (MDOF) system can always be represented as the 
linear superposition of a number of SDOF characteristics. 
 
Elastic force: 𝐹𝑠  𝑘𝑥  
Inertial force: 𝐹𝐼  𝑚?̈? 
Damping force:  𝐹𝐷  𝑐?̇? 
M  F(t)  




4.1.1.1 Undamped free vibration 
 
Vibrations can be classified as free vibrations or forced vibrations.  
Free vibration occurs in the absence of externally applied forces. Hence, the external 
excitation for the free vibration is an initial displacement and/or velocity imparted to the 
mass. A system with free vibration will oscillate at one or more of its natural 
frequencies depending on its degree-of-freedom, for instance, a SDOF system has only 
one natural frequency. 
Forced vibration occurs under the excitation of externally applied force. The excitation 
can be transient (short duration), when the disturbance terminates, the system response 
is at its natural frequency, or oscillatory (periodically repetitive), the system vibrates at 
the excitation frequency. Oscillatory excitation can achieve situations where the 
excitation frequency coincides with the natural frequency of the system and cause 
resonance which can damage the system if the vibration continues at this frequency. 
The Millenium Bridge model is analysed as an undamped free vibration system but 
developed in a MDOF. 
The mechanical model for a SDOF is composed of a single mass element that is 
connected to a rigid support through a linear elastic spring and without damping in it 
and external forces. The equation of modes becomes 
   ̈       (4.8) 
 
If the mass is displaced from its static equilibrium position and then suddenly released, 
the potential energy is converted in kinetic energy, and when it passes again through the 
equilibrium position, the kinetic energy will be transferred back to potential energy in 
the spring. This transfer of energy will continue indefinitely resulting in continuous 







Figure 4.4.: Undamped free vibration system of one degree-of-freedom 
x
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This type of oscillation is called free vibration and it is based on the simple harmonic 
motion termed due to its variation with time can be represented by a sine or cosine 
function.  
 
 ̈  
 
 
    (4.9) 
or 
  ̈        (5.10) 
 
To find a function such that its second derivative plus a constant must be zero and 
independent of time, the solution is given by  
  ( )       (4.11) 
 
This linear exponential function substituted in Equation 4.8 is determined by 
  ( )                (4.12) 
 
or if         and        , then 
  ( )      (    ) (4.13) 
 
where   the amplitude of free vibration,   and   are determined from the initial 
conditions, and   is the phase angle represented in Figure 4.5.  
 
Figure 4.5.: Phase angle representation in harmonic oscillation 
 
If     and  ( )    , then      





















Figure 4.6.: Simple harmonic motion illustrated by a rotating vector [11] 
 
The natural frequency   is defined as the number of cycles of oscillation per unit of 











4.1.1.2 Damped free vibration 
 
Damping is the process of energy dissipation in a vibration system. The damping force 
always opposes the motion of the mass such that it is a continuous linear function of the 
velocity. [11] 
The differential equation of motion is given by 
   ̈       ̇    (4.15) 
or 
 






 ̇    (4.16) 
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It results in a second grade equation whose roots are represented as 
 













It is defined the critical damping constant, denoted by  
        (4.18) 
 
and the damping factor,  , given by  





   
 (4.19) 
 
If    is used in Equation 4.5, and substituting 
 
  
 by  , it is obtained by 
   .   √    /  (4.19) 
 
The solution will depend on whether the value of the damping factor is less than, equal 
to, or greater than unity.  
 
Less than critical damping (Underdamped) 
 
If the value of the damping factor is less than 1,     or      , the roots of 
Equation 4.6 are imaginary, and the solution is given by 
  ( )           (     ) (4.20) 
 
where   is the maximum free vibration amplitude,    is the damped natural circular 
frequency,   is the phase angle of the damped oscillation.   and   are determined from 
the initial conditions. The damped natural circular frequency is represented as 
    √      (4.21) 
 
The Equation 4.20 is illustrated in Figure 4.7. where the displacement is represented as 
an harmonic function having an amplitude   that decays exponentially with time. With 
initial conditions of displacement  ( )     and velocity  ̇( )   ̇  

















When     or          the displacement of the mass is represented by 
  ( )  (    )     (4.22) 
 






  , then 
  ( )  (    )     (4.23) 
 
The solution is illustrated in Figure 4.8. 
 
Greater than critical damping (Overdamped) 
 
When     or       the roots of Equation 4.5 are both real and the equation is 
given by 
  ( )    .    
√    1/     .    
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4.1.1.3 Response to harmonic excitation 
 
Vibrations can be caused by initial conditions, as an energy input such as a velocity 
imparted to the mass of the structure or a displacement which is removed (free 
vibration) or under the influence of external excitation (forced vibration). 
Loads can be classified as periodic (repetitive in time and having the same amplitude 
variation in each cycle) or nonperiodic (short-duration events as an earthquake). 
Periodic loads may be harmonic or nonharmonic. Harmonic excitations have two 
components, a transient component and a steady-state component.  
The transient vibrations are quickly damped out and the steady-state vibrations occur 
after the transient component has died out and they can cause resonance if the excitation 
frequency is close to the natural frequency of the structure. At resonance, the structure 
can suffer large displacements and overstressing or failures.  
All these vibrations are caused by harmonic excitation, hence due to the oscillations, the 
structure adopts a different response to the excitation.  
 
Forced harmonic response of undamped systems 
 
In an undamped system, the equation of motion is defined by 
 









      (4.25) 
 
where Ω is the circular frequency of the forcing function,  ( )         . This 
equation can be divided into a homogeneous solution and a particular solution. 
Homogeneous solution: 
 
 ̈  
 
 
     (4.26) 
Particular solution:  
 
 ̈  
 
 
   
  
 
      (4.27) 
 
The homogeneous solution is given by 
   ( )                (4.28) 




and the particular solution by 
   ( )          (4.29) 
 
where    represents the amplitude of the forced response. Substituting this particular 
solution in Equation 4.27 
 
 ( )  
   ⁄
  (  ⁄ )
       (4.30) 
 
and the complete solution is the sum of both equations represented as 
 
 ( )                
   ⁄
  (  ⁄ )
       (4.31) 
     
where   ⁄  is the frequency ratio and it is also called  . 
   ⁄  will cause a displacement    in the spring-mass system when applying a force of 
magnitude   , hence substituting Equation 4.31 by    and   
 
 ( )   (       )  
  
    
      (4.32) 
 
where  (       ) is the component concerning to the free vibration or transient 
excitation when   and    are evaluated in initial conditions in Equation 4.31:  ( )     
and  ̇( )   ̇   
  
1   
      is the forced response component or the steady-state vibration and    
  
1   
 
is the amplitude of the force response. Hence, 
1
1   
 is termed the dynamic magnification 
factor (DMF) and gives the difference between amplitudes.  
Therefore, the analysis depends on whether    is less than, equal to, or greater than 
  
1   
  
and the value of   must be analysed. 
     
then    , so       
    
1
1   
  , then     
  
1   
    














Figure 4.10.: Response of an undamped SDOF system to harmonic excitation [11] 
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If    , then resonance appears. In this case,    , therefore 
    
1
1   
  , then       (     ) 
This means the amplitude of vibration increases with time. The most appropriate 
solution to indicate the resonance is given by  
 
  ( )           (4.33) 
 
Substituting this equation in Equation 4.27 and neglecting the harmonic terms results in  
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Forced harmonic response of damped systems 
 
If the system is damped, the equation of motion is defined by 
 
 ̈  
 
 






      (4.36) 
 
This equation has two components, a homogeneous solution and a particular solution.  
Homogeneous solution: 
 
  ( )   
    (               ) (4.37) 
    
Particular solution is assumed to be given by 
 
  ( )                (5.38) 
where   and  are constants, and substituting Equation 4.38 into Equation 4.36, the 
complete solution is expressed as  
 
 ( )           (     )  
  
√(    )  (   ) 
   (    ) (4.39) 
 
where   is the phase angle of the steady-state solution and represents the delay of 
steady-state displacement response behind the harmonic excitation. 
The homogeneous solution dies out with time due to its exponential function and it also 
depends on the damping factor,  , therefore the analysis is the same explained for a 
damped free vibration system. The particular solution, however, remains in time as long 
as the exciting force persists. 
There exists a dynamic magnification factor (DMF) as in undamped systems with 
harmonic excitation in order to compare the amplitude of the steady-state response with 
the displacement caused by the static behaviour of spring under a force   . 
 
             
 
√(    )  (   ) 
 (4.40) 
 




where   √      
Both forced harmonic response of damped or undamped systems have a DMF which 
can be analysed in Figure 4.13 
 
Figure 4.13.:  Dynamic magnification factor versus frequency ratio for an undamped 
SDOF system excited by harmonic forcing function [11] 
 
The expression for the DMF in a case of zero damping is given by  
 
    
 
    
 (4.41) 
 
As can be seen, when     the value of DMF tends to infinity, what means the 
amplitude of the forcing system increases and resonance is achieved. Hence, if     
or    ,   is less relevant than  , so       
For a case considering the damping, the effects of the damping factor can be 


















Frequency ratio r=Ω/ω 





Figure 4.14. Dynamic magnification factor versus frequency ratio for various levels of 
damping [11] 
 
Clearly, if the damping factor increase, the operating frequency   will decrease as well 
as the dynamic magnification factor 
For high excitation frequencies where    , where the excitation frequency is much 
large in comparison to the natural frequency of the system, the DMF becomes small and 
the system is vibrating at excitation frequency 
For low excitation frequencies where    , the system is moving at natural frequency 












Frequency ratio r=Ω/ω 
 
𝜁 = 0 
𝜁 = 0,2 
𝜁 = 0,3 
𝜁 = 1 




4.1.2. Multiple Degree of Freedom 
 
All real structures have an infinite number of degrees of freedom (DOF's), it means a 
structure possesses an infinite number of independent spatial coordinates which will 
have a particular vibration or motion, hence the number of natural frequencies and 
principal modes that a structure possesses is equal to the number of degrees of freedom 
of that structure. 
 
Therefore, for MDOF systems, matrix formulation is used to perform the equations of 
motion and calculate its natural frequencies.  
 
Multiple-degree-of-freedom (MDOF) systems are described by the following equation 
 
 
  ̈( )     ̇( )    ( )    ( ) (4.42) 
 
in which  is the mass matrix (lumped or consistent),   is a viscous damping matrix 
and   is the static stiffness matrix for the system of structural elements. The time-
dependent vectors  ( ),  ̇( ) and  ̈( ) are the absolute node displacements, velocities 
and accelerations, respectively. 
 
To calculate real structures, it is approximated a finite number of members. The mass of 
the structure is lumped at the nodes and the stiffness is determined by means of the 
linear properties of the structure.  
 
Modal analysis is then presented as a technique to determine the basic dynamic 
characteristics of the MDOF-system. 
 
There are several different classical methods that can be used for the solution of 
Equation 5.13, for instance, the Step-by-step solution method for dynamic analysis 
which consists of an incremental method in which the equilibrium equations are solved 
at times Δt, 2Δt, 3Δt, etc.; by applying the harmonic equations explained previously, 








4.1.3. Theory of modal analysis 
 
The vibration of a structure depends on the excitation applied and the response of the 
structure to that particular excitation.  
 
In this case, it is assumed an undamped free vibration system, hence external forces and 
damping force are equal to zero. Externally applied excitation will be accounted if 
foundation vibrates or if earthquakes, waves and currents or sources internals to the 
structure such as moving loads are analysed.  
 
Concerning to the structural response, it can be altered by changing the mass or stiffness 
of the structure, as explained in Section 3.2.3 and Section 3.2.3; or by increasing the 
damping in the structure which will reduce the frequencies, even though this damping 
effect is ignored in the modal analysis performed. 
 
It is necessary, therefore, to analyse the vibration of structures in order to predict the 
natural frequencies and the response to the expected excitation. The natural frequencies 
of the structure must be found because if the structure is excited at one of these 
frequencies, resonance occurs, resulting in high vibration amplitudes, as explained in 
Section 4.1.1, as well as dynamic stresses. Hence, the dynamic analysis of the model is 
carried out with an eigenvector analysis. 
 
It will not be necessary to calculate all the natural frequencies of a structure because 
many of these frequencies are far from causing resonance. Therefore, the calculated 
frequencies in Section 3.2.3. only concern about the frequencies which cause problems 
in the bridge. 
 
Method of modal analysis:  Eigenvectors  
 
Eigenvector analysis determines the undamped free-vibration mode shapes and the 
frequencies of the system.  
 
Modes are inherent properties of a structure, and are determined by the material 
properties (mass, damping, and stiffness), and boundary conditions of the structure. If 
the material properties or the boundary conditions change, the modes will change. 
Hence, these natural modes will provide an understanding of the behaviour of the 
structure. 
 
For a MDOF system, the equations of motion in matrix form are expressed as 
 , -* ̈+  , -* +    (4.43) 




where , - and , - are     mass and stiffness matrices, and * ̈+ and * + are the     
acceleration and displacement vectors.  
If a free vibration motion with harmonic solution is assumed, the displacement vector 
and the acceleration vector become 
 * +  * +       (4.44) 
 
 * ̈+     * +       (4.45) 
 
where * + represents the shape of the system or the solution vector. The solution of the 
generalized eigenvalue problem if the sine terms are omitted is given by 
 
 [, -    , -]* +    (4.46) 
 
If Equation 4.46 is divided by , -, then 
 
 [, - 1, -    , -]* +    (4.47) 
 
where , - is the identity matrix formed by the product , - 1, -.  
 
If , -  , - 1, -, then 
 
 [, -   , -]* +    (4.48) 
 
where      is the diagonal matrix of eigenvalues and , - is the dynamic matrix. 
 
|, -   , -|    is the frequency equation of the system. Solving this determinant, the 
eigenvalues,  , or squared natural frequencies,   , are obtained, where      . It is 
considered that  1         
 
Each eigenvalue has an eigenvector or natural mode, * + . This natural mode is 
calculated normalizing the eigenvector * + . Normalization consists on setting the 
largest element of the modal vector * +  equal to 1 or setting the first element in the 
modal vector equal to 1. Each eigenvalue-eigenvector pair is called a natural vibration 
mode of the structure.  
 
In this thesis, the number of modes to be found is 35. Therefore the program will seek 
the 35 lowest-frequency (longest-period) modes.  
 
It is important to know that the number of modes found is limited by: 
- The number of modes requested, n 
- The number of mass degrees of freedom in the model 






Modelling structures using finite element guarantees realistic responses under any load 
applied, even though, in this project, there are some assumptions which have been taken 
in order to simplify the implementation of the model, for example, modelling one cable 
per side instead of four, or dividing the secondary beams and the piers in three elements. 
Increasing the quantity of elements would enable to get more similarities between the 
behaviour of the model and the real structure. Therefore, these assumptions, generally, 
imply a rate of error in the results and in the model. 
 
It has been important to define accurately the coordinates, the structural elements, the 
material properties, the initial boundary conditions and specially, the connection 
between elements. These connections are merged when the elements are affected by the 
same stresses, for example, the deck and the secondary beams or released when some 
stresses are not transmitted which is the case of cables and secondary arms.  
 
When performing a dynamic analysis, we need to emphasize some parameters. On the 
one hand, the mass source will enable to define the mass acting. It is essential to 
compute the mass of the structural elements and also, the mass caused by the loads if we 
want to know the modes of vibration, because they are directly related to the mass. On 
the other hand, when changes in nonlinear parameters are introduced is possible to get 
accurate results and a decrease in computing, even though, in this project, the time is 
slightly enough. 
 
Concerning to the accuracy of the model, it is determined that the initial model 
including the stiffness of the deck and the initial boundary conditions, pinned supports, 
stiffen the structure excessively; and it is concluded that the model with piers modelled 
and without taking into account of the shear stiffness of the deck, represents better the 
real structure. 
 
The final dynamic results are satisfactory. The frequencies and masses obtained are 
closer to the measured ones, the displacements are reasonably small and the modes of 
vibration are the expected. Therefore, the structure will vibrate laterally when pedestrian 
forces are acting due to the lateral natural frequencies of the structure are under 1,3Hz.  
 
One of the variations to account is found in the north span whose frequency and mass 
differ from the real values. This difference may be due to its stiffness. Even though, 
after carrying out parameters and structural analysis in which the structural 
configuration has been altered until reach better results, it can be concluded that the 
model is trustworthy enough. 
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TOTAL DEAD LOAD FROM ARUP’S TABLES 
 
  
Y Z Y Z
GL3 2 11,445 1,661 10,282 1,211 2,423 199,5 483,349 GL3 4 270,6 1082,4 1565,749
GL4 2 11,818 2,123 10,719 1,106 2,212 199,5 441,239 GL4 4 270,6 1082,4 1523,639
GL5 2 12,17 2,628 11,208 1,149 2,298 199,5 458,386 GL5 4 270,6 1082,4 1540,786
GL6 2 12,5 3,175 11,746 1,396 2,792 199,5 557,050 GL6 4 270,6 1082,4 1639,450
GL7 2 12,808 3,764 12,341 1,825 3,650 199,5 728,083 GL7 4 270,6 1082,4 1810,483
GL8 2 13,093 4,394 12,986 2,396 4,793 199,5 956,160 GL8 4 270,6 1082,4 2038,560
GL9 2 13,354 5,067 13,69 3,085 6,171 199,5 1231,055 GL9 4 270,6 1082,4 2313,455
GL10 2 13,59 5,781 14,447 3,877 7,754 199,5 1546,886 GL10 4 270,6 1082,4 2629,286
GL11 2 13,799 6,54 15,264 4,771 9,541 199,5 1903,436 GL11 4 270,6 1082,4 2985,836
GL12 2 13,89 6,95 15,7 5,271 10,541 199,5 2102,946 GL12 4 270,6 1082,4 3185,346
GL13 2 13,981 6,75 15,446 4,971 9,942 199,5 1983,344 GL13 4 270,6 1082,4 3065,744
GL14 2 14,135 6,405 14,99 4,487 8,974 199,5 1790,397 GL14 4 270,6 1082,4 2872,797
GL15 2 14,259 6,108 14,595 4,122 8,243 199,5 1644,566 GL15 4 270,6 1082,4 2726,966
GL16 2 14,354 5,852 14,255 3,853 7,707 199,5 1537,456 GL16 4 270,6 1082,4 2619,856
GL17 2 14,419 5,64 13,974 3,667 7,334 199,5 1463,173 GL17 4 270,6 1082,4 2545,573
GL18 2 14,453 5,471 13,748 3,542 7,084 199,5 1413,207 GL18 4 270,6 1082,4 2495,607
GL19 2 14,456 5,344 13,58 3,457 6,914 199,5 1379,277 GL19 4 270,6 1082,4 2461,677
GL20 2 14,428 5,26 13,466 3,399 6,798 199,5 1356,192 GL20 4 270,6 1082,4 2438,592
GL21 2 14,369 5,215 13,41 3,355 6,710 199,5 1338,638 GL21 4 270,6 1082,4 2421,038
GL22 2 GL22 4 270,6 1082,4 1082,400
GL23 2 14,279 5,214 13,41 3,329 6,659 199,5 1328,434 GL23 4 270,6 1082,4 2410,834
GL24 2 14,159 5,257 13,464 3,330 6,661 199,5 1328,800 GL24 4 270,6 1082,4 2411,200
GL25 2 14,01 5,339 13,578 3,367 6,734 199,5 1343,365 GL25 4 270,6 1082,4 2425,765
GL26 2 13,832 5,466 13,745 3,467 6,934 199,5 1383,370 GL26 4 270,6 1082,4 2465,770
GL27 2 13,626 5,636 13,971 3,652 7,305 199,5 1457,280 GL27 4 270,6 1082,4 2539,680
GL28 2 13,395 5,848 14,251 3,942 7,884 199,5 1572,882 GL28 4 270,6 1082,4 2655,282
GL29 2 13,138 6,107 14,591 4,356 8,713 199,5 1738,224 GL29 4 270,6 1082,4 2820,624
GL30 2 12,859 6,407 14,987 4,894 9,788 199,5 1952,657 GL30 4 270,6 1082,4 3035,057
GL31 2 12,557 6,756 15,445 5,564 11,128 199,5 2220,107 GL31 4 270,6 1082,4 3302,507
GL32 2 12,397 6,95 15,7 5,951 11,902 199,5 2374,379 GL32 4 270,6 1082,4 3456,779
GL33 2 12,237 6,789 15,224 5,644 11,288 199,5 2252,025 GL33 4 270,6 1082,4 3334,425
GL34 2 11,898 6,508 14,327 5,121 10,242 199,5 2043,180 GL34 4 270,6 1082,4 3125,580
GL35 2 11,544 6,299 13,494 4,721 9,441 199,5 1883,512 GL35 4 270,6 1082,4 2965,912
GL36 2 11,176 6,164 12,715 4,439 8,879 199,5 1771,282 GL36 4 270,6 1082,4 2853,682
GL37 2 10,797 6,123 11,997 4,294 8,588 199,5 1713,338 GL37 4 270,6 1082,4 2795,738
GL38 2,184 10,408 6,165 11,333 4,087 8,174 199,5 1630,733 GL38 4 270,6 1082,4 2713,133
GL39 2,563 10,012 6,301 10,73 3,806 7,613 199,5 1518,727 GL39 4 270,6 1082,4 2601,127
GL40 3,087 9,611 6,515 10,194 3,477 6,954 199,5 1387,412 GL40 4 270,6 1082,4 2469,812
GL41 3,611 9,206 6,809 9,735 3,241 6,483 199,5 1293,341 GL41 4 350,3 1401,2 441 1764 4458,541
GL42 4,135 8,8 7,206 9,4 3,129 6,258 199,5 1248,497 GL42 4 234,8 939,2 2187,697
GL43 4,659 8,393 7,617 9,134 3,049 6,099 199,5 1216,711 GL43 4 234,8 939,2 157,5 630 2785,911
GL44 5,183 7,987 8,045 8,984 3,031 6,061 199,5 1209,243 GL44 4 234,8 939,2 2148,443
GL45 5,626 7,644 8,5 8,901 3,137 6,274 GL45 4 441 1764 1764
GL46 GL46 4 124 496 496







CENTRAL SECTION (South) (3)
WEIGHT (kg/m) WEIGTH (kg)
DECK TO CABLES (1)











LENGTH TWO SIDES 
(m)
LENGTH ONE SIDE 
(m)
WEIGTH (kg) WEIGTH (kg)
TORSION LINK (4) TRANSVERSE BEAMS (5)
WEIGHT 
(kg/m)
GRID X (m) Y (m) LENGHT (m)
WEIGHT 
(Kg/m)





3 12,047 1,661 6,090 360,4 2194,798 4389,596
4 20,037 2,123 8,003 360,4 2884,406 5768,812
5 28,025 2,628 8,004 360,4 2884,623 5769,245
6 36,012 3,175 8,006 360,4 2885,258 5770,515
7 43,997 3,764 8,007 360,4 2885,612 5771,225
8 51,983 4,394 8,011 360,4 2887,096 5774,193
9 59,97 5,067 8,015 360,4 2888,716 5777,431
10 67,958 5,781 8,020 360,4 2890,353 5780,705
11 75,948 6,54 8,026 360,4 2892,559 5785,119
12 79,952 6,95 4,025 360,4 1450,587 2901,174
13 83,956 6,75 4,009 360,4 1444,841 2889,681
14 91,973 6,405 8,024 360,4 2892,001 5784,002
15 99,985 6,108 8,018 360,4 2889,508 5779,016
16 107,994 5,852 8,013 360,4 2887,918 5775,836
17 115,998 5,64 8,007 360,4 2885,653 5771,307
18 124,001 5,471 8,005 360,4 2884,924 5769,848
19 132,001 5,344 8,001 360,4 2883,563 5767,127
20 140,001 5,26 8,000 360,4 2883,359 5766,718
21 148,001 5,215 8,000 360,4 2883,246 5766,491
23 156,006 5,214 8,005 360,4 2885,002 5770,004
24 164,008 5,257 8,002 360,4 2883,962 5767,925
25 172,013 5,339 8,005 360,4 2885,153 5770,307
26 180,021 5,466 8,009 360,4 2886,446 5772,892
27 188,034 5,636 8,015 360,4 2888,535 5777,070
28 196,05 5,848 8,019 360,4 2889,977 5779,953
29 204,072 6,107 8,026 360,4 2892,635 5785,271
30 212,099 6,407 8,033 360,4 2894,951 5789,901
31 220,131 6,756 8,040 360,4 2897,464 5794,928
32 224,136 6,95 4,010 360,4 1445,094 2890,189
33 228,14 6,789 4,007 360,4 1444,208 2888,415
34 236,12 6,508 7,985 360,4 2877,775 5755,549
35 244,1 6,299 7,983 360,4 2876,978 5753,956
36 252,08 6,164 7,981 360,4 2876,404 5752,807
37 260,061 6,123 7,981 360,4 2876,390 5752,781
38 268,043 6,165 7,982 360,4 2876,753 5753,505
39 276,028 6,301 7,986 360,4 2878,211 5756,423
40 284,016 6,515 7,991 360,4 2879,908 5759,816
41 292,007 6,809 7,996 360,4 2881,905 5763,810
42 300,004 7,206 8,007 360,4 2885,668 5771,336
43 308,005 7,617 8,012 360,4 2887,362 5774,725
44 316,012 8,045 8,018 360,4 2889,842 5779,685











WEIGHT ONE SIDE 
(kg)
WEIGHT TWO SIDES 
(kg)
1 to 2 3,364 188,6 634,4504 1268,901
2 to 3 7,995 188,6 1507,857 3015,714
3 to 4 7,995 124 991,38 1982,760
4 to 5 7,997 124 991,628 1983,256
5 to 6 7,997 124 991,628 1983,256
6 to 7 7,999 124 991,876 1983,752
7 to 8 7,999 124 991,876 1983,752
8 to 9 8 124 992 1984,000
9 to 10 8 124 992 1984,000
10 to 11 8,002 124 992,248 1984,496
11 to 13 8,002 124 992,248 1984,496
13 to 14 8,002 124 992,248 1984,496
14 to 15 8,003 124 992,372 1984,744
15 to 16 8,004 124 992,496 1984,992
16 to 17 8,004 124 992,496 1984,992
17 to 18 8,003 124 992,372 1984,744
18 to 19 8,004 124 992,496 1984,992
19 to 20 8,004 124 992,496 1984,992
20 to 21 8,004 124 992,496 1984,992
21 to 23 8,004 124 992,496 1984,992
23 to 24 8,003 124 992,372 1984,744
24 to 25 8,002 124 992,248 1984,496
25 to 26 8,002 124 992,248 1984,496
26 to 27 8,002 124 992,248 1984,496
27 to 28 8 124 992 1984,000
28 to 29 8 124 992 1984,000
29 to 30 7,999 124 991,876 1983,752
30 to 31 7,999 124 991,876 1983,752
31 to 33 7,997 124 991,628 1983,256
33 to 34 7,997 124 991,628 1983,256
34 to 35 7,996 124 991,504 1983,008
35 to 36 7,996 124 991,504 1983,008
36 to 37 7,995 124 991,38 1982,760
37 to 38 7,994 124 991,256 1982,512
38 to 39 7,995 124 991,38 1982,760
39 to 40 7,993 142,5 142,5 2278,005 4556,010
40 to 41 7,994 178,4 178,4 2852,2592 5704,518
41 to 42 7,994 300,3 300,3 4801,1964 9602,393
42 to 43 7,994 300,3 300,3 4801,1964 9602,393
43 to 44 7,993 300,3 300,3 4800,5958 9601,192
44 to 45 7,994 300,3 300,3 4801,1964 9602,393















1 to 2 3,364 29,1 97,892 195,785
2 to 3 7,995 29,1 232,655 465,309
3 to 4 7,995 29,1 232,655 465,309
4 to 5 7,997 29,1 232,713 465,425
5 to 6 7,997 29,1 232,713 465,425
6 to 7 7,999 29,1 232,771 465,542
7 to 8 7,999 29,1 232,771 465,542
8 to 9 8 29,1 232,800 465,600
9 to 10 8 29,1 232,800 465,600
10 to 11 8,002 29,1 232,858 465,716
11 to 13 8,002 29,1 232,858 465,716
13 to 14 8,002 29,1 232,858 465,716
14 to 15 8,003 29,1 232,887 465,775
15 to 16 8,004 29,1 232,916 465,833
16 to 17 8,004 29,1 232,916 465,833
17 to 18 8,003 29,1 232,887 465,775
18 to 19 8,004 29,1 232,916 465,833
19 to 20 8,004 29,1 232,916 465,833
20 to 21 8,004 29,1 232,916 465,833
21 to 23 8,004 29,1 232,916 465,833
23 to 24 8,003 29,1 232,887 465,775
24 to 25 8,002 29,1 232,858 465,716
25 to 26 8,002 29,1 232,858 465,716
26 to 27 8,002 29,1 232,858 465,716
27 to 28 8 29,1 232,800 465,600
28 to 29 8 29,1 232,800 465,600
29 to 30 7,999 29,1 232,771 465,542
30 to 31 7,999 29,1 232,771 465,542
31 to 33 7,997 29,1 232,713 465,425
33 to 34 7,997 29,1 232,713 465,425
34 to 35 7,996 29,1 232,684 465,367
35 to 36 7,996 29,1 232,684 465,367
36 to 37 7,995 29,1 232,655 465,309
37 to 38 7,994 29,1 232,625 465,251
38 to 39 7,995 29,1 232,655 465,309
39 to 40 7,993 22,4 22,4 358,086 716,173
40 to 41 7,994 22,4 22,4 358,131 716,262
41 to 42 7,994 22,4 22,4 358,131 716,262
42 to 43 7,994 22,4 22,4 358,131 716,262
43 to 44 7,993 22,4 22,4 358,086 716,173
44 to 45 7,994 22,4 22,4 358,131 716,262















1 to 2 3,364 122,4 411,7536 823,5072
2 to 3 7,995 122,4 978,588 1957,176
3 to 4 7,995 122,4 978,588 1957,176
4 to 5 7,997 122,4 978,8328 1957,6656
5 to 6 7,997 122,4 978,8328 1957,6656
6 to 7 7,999 122,4 979,0776 1958,1552
7 to 8 7,999 122,4 979,0776 1958,1552
8 to 9 8 122,4 979,2 1958,4
9 to 10 8 122,4 979,2 1958,4
10 to 11 8,002 122,4 979,4448 1958,8896
11 to 13 8,002 122,4 979,4448 1958,8896
13 to 14 8,002 122,4 979,4448 1958,8896
14 to 15 8,003 122,4 979,5672 1959,1344
15 to 16 8,004 122,4 979,6896 1959,3792
16 to 17 8,004 122,4 979,6896 1959,3792
17 to 18 8,003 122,4 979,5672 1959,1344
18 to 19 8,004 122,4 979,6896 1959,3792
19 to 20 8,004 122,4 979,6896 1959,3792
20 to 21 8,004 122,4 979,6896 1959,3792
21 to 23 8,004 122,4 979,6896 1959,3792
23 to 24 8,003 122,4 979,5672 1959,1344
24 to 25 8,002 122,4 979,4448 1958,8896
25 to 26 8,002 122,4 979,4448 1958,8896
26 to 27 8,002 122,4 979,4448 1958,8896
27 to 28 8 122,4 979,2 1958,4
28 to 29 8 122,4 979,2 1958,4
29 to 30 7,999 122,4 979,0776 1958,1552
30 to 31 7,999 122,4 979,0776 1958,1552
31 to 33 7,997 122,4 978,8328 1957,6656
33 to 34 7,997 122,4 978,8328 1957,6656
34 to 35 7,996 122,4 978,7104 1957,4208
35 to 36 7,996 122,4 978,7104 1957,4208
36 to 37 7,995 122,4 978,588 1957,176
37 to 38 7,994 122,4 978,4656 1956,9312
38 to 39 7,995 122,4 978,588 1957,176
39 to 40 7,993 122,4 180 2417,0832 4834,1664
40 to 41 7,994 122,4 180 2417,3856 4834,7712
41 to 42 7,994 122,4 180 2417,3856 4834,7712
42 to 43 7,994 122,4 180 2417,3856 4834,7712
43 to 44 7,993 122,4 180 2417,0832 4834,1664
44 to 45 7,994 122,4 180 2417,3856 4834,7712











WEIGHT ONE SIDE 
(kg)
WEIGHT TWO SIDES 
(kg)
1 to 2 3,364 111,8 376,0952 752,1904
2 to 3 7,995 111,8 893,841 1787,682
3 to 4 7,995 111,8 893,841 1787,682
4 to 5 7,997 111,8 894,0646 1788,1292
5 to 6 7,997 111,8 894,0646 1788,1292
6 to 7 7,999 111,8 894,2882 1788,5764
7 to 8 7,999 111,8 894,2882 1788,5764
8 to 9 8 111,8 894,4 1788,8
9 to 10 8 111,8 894,4 1788,8
10 to 11 8,002 111,8 894,6236 1789,2472
11 to 13 8,002 111,8 894,6236 1789,2472
13 to 14 8,002 111,8 894,6236 1789,2472
14 to 15 8,003 111,8 894,7354 1789,4708
15 to 16 8,004 111,8 894,8472 1789,6944
16 to 17 8,004 111,8 894,8472 1789,6944
17 to 18 8,003 111,8 894,7354 1789,4708
18 to 19 8,004 111,8 894,8472 1789,6944
19 to 20 8,004 111,8 894,8472 1789,6944
20 to 21 8,004 111,8 894,8472 1789,6944
21 to 23 8,004 111,8 894,8472 1789,6944
23 to 24 8,003 111,8 894,7354 1789,4708
24 to 25 8,002 111,8 894,6236 1789,2472
25 to 26 8,002 111,8 894,6236 1789,2472
26 to 27 8,002 111,8 894,6236 1789,2472
27 to 28 8 111,8 894,4 1788,8
28 to 29 8 111,8 894,4 1788,8
29 to 30 7,999 111,8 894,2882 1788,5764
30 to 31 7,999 111,8 894,2882 1788,5764
31 to 33 7,997 111,8 894,0646 1788,1292
33 to 34 7,997 111,8 894,0646 1788,1292
34 to 35 7,996 111,8 893,9528 1787,9056
35 to 36 7,996 111,8 893,9528 1787,9056
36 to 37 7,995 111,8 893,841 1787,682
37 to 38 7,994 124,9 998,4506 1996,9012
38 to 39 7,995 143,6 1148,082 2296,164
39 to 40 7,993 72,6 72,6 1160,5836 2321,1672
40 to 41 7,994 72,6 72,6 1160,7288 2321,4576
41 to 42 7,994 72,6 72,6 1160,7288 2321,4576
42 to 43 7,994 72,6 72,6 1160,7288 2321,4576
43 to 44 7,993 72,6 72,6 1160,5836 2321,1672
44 to 45 7,994 72,6 72,6 1160,7288 2321,4576












NONLINEARITY IN SAP 2000 
When a structure becomes slender and therefore, less resistant to deformation, the need 
to consider the P-delta effect increases. For this reason, nonlinearity is required to carry 
out a realistic analysis.  
 
In next example, structure of cables is analysed in order to describe how SAP computes 




If there is a tension force P, the equilibrium in the undeformed configuration is given by 
the equations 
    
where   is the resultant load from the equilibrium, hence tension is zero, as well as the 
strain in cables 
  
   
  
      
where             initially, so      





Once, the maximum displacement is calculated, next step takes into account the tension 
in cables, so there will appear an increase in the length of cables due to the deformation 










Firstly, it is calculated the new length  
      √(   )    
  
where          
Then, applying trigonometric equation, the angle in the deformed position,   , can be 
obtained due to       
      
       
 
 





     
  
 
This strain causes a tension different from zero so that the cables are in tension and the 
stiffness increases. 






   
 
      
The resultant force   , as a result of the equilibrium equations in the deformed 
configuration, is lower than in the undeformed configuration because the tension 
opposes the force  , so    is given by 
             
where   and   are positive and negative, respectively . 
The resultant force    will cause a displacement    opposed to the initial displacement 
 . 
Once the displacement    due to tension and the initial displacement   are balanced, the 
system has converged.  
 
